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Violation of Homogeneity of Variance
Assumption in the Integrated loving

Averages Time Series Model

The time Series Quasi-Lxperiment is a method for evaluating the
change in Jevel betwveen two successive points in a time serles. Observations
2, are teken at equally spaced time intervals and one wishes to make inferences
about a possible abrupt shift in level of direction or drift of the tiwe series
assoctiated vith the occurrence of the intreduction of an event at a polat in
time, Donald T, Campbell and Julian ¢, Stanley presented this Interrupted
Time Series Design in Chiapter 5 "Experimental and Quasi-cxperimental Designs
for Reseavch on Teaching” in the Handbook of Research on eaching (1963).
Diaprummatically, the design of the time-series quusi-experiment is as
follows: Zyy By e oa e z“l N Zn]fl" . e zEl +a,. Where Zj represents
the jth observation of a variable and T represents the "treatneut."
1{ the trend of the pre-~T observations is altered sharplv by the
introduction of T, we will at¢ribute the alteration (whether a change in
ievel or {n direction of drift) to T. A particularly important problem is
to determine wvhether the activity of the time-series near T indlcates a
genuine effect of T or marely an orderly coatinsation of the time-series,
‘the problem 1s “particularly {mportant" hecause the inferential statistical
intuitions of social sclentists seem seldom to have been developed on nonu-
independent observations {such as those in most time-series). lence, statis-
tical significance tests are necessary overseers of one's "considered

impre-nions™ of the data,
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Box and Tiao (1965) developed a method of evaluating the chanpe in
leviel hetween two successive points of & non-stationary tiune-sceries,
thservations z, are taken at equally spaced points in time and inferences
are to be made about a possible shift in level of the tise-scries assoclated
with the occurrence of the event’T. This method appears to be Lha wost
sultable metliod now avallable for analvzing the time-serics quasi-experiments,
ft has been used as a method of analysis 1n several pubilished studies. Two
studics of note arer "Analysis of the Councecticut speedine cractdown as a
time-series quasi experiuent” by Geae V Glass in the Aupnst 1966 Lay and
Society Heview, and "Analysis of dara on the 190D revision of the Cerman
divorce laus as u quasi-experiment” by CGene V Glass, George C, Tiac, anl
Thomas 0, Haguire, Law and Society Review (dn nress).

The model underlying the Box~Tiao analvsis of change [n level of a
.Ltmenseries is the iateprated wmoviug averages (IDA) weviel,  Ussentially the
model implies that the svsten i3 subjected to periedic randon shiocks (with
zove wean) . The initlal diwpact of these shocks on the system is notael as
. Same proportion « of these shocks rewains In the systew and has a
poeitive or negative effect on tie systen over time, cvonsequently
-1 < < 1, In tueres of these random shocks, the differvence hetweon the
value nf two observations, one at tire t, the other at tiwe t-1, nmav bc

written as

This equation may he solved for 2, as a function of the a'’s alone,

tn order to facilitate solution for z tvo operators are caployed in

L!

the following equations; they are the backward shift cperator B, wvhich is

m 3
defined as Hzt =2y tience 2, = 2 s and the backward di{ference operator

te t t=-m

J whizh can be weitten in terms of b since v 2z = 2 -~ 2 @ (1 ~B)z .
Q t t t-1 t
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In turn, 7 lLas for its inverse the sumnation operator S given hy

z (n. 1)

= (] FB 4B+ B+, , D7,

P _}"1
= (] B) 2y

‘e TMA equation written {n operator notation then is:
Joooow (1 - BB) 7
t ) 4
There is some advontage in writing the right side of the equation in terms
of Vinstead of 1.

(1 = ¢8) = (1 = )B4 (1 = B) = (I = &V + ¥V = vyl + Y

vitere vy = 1 - 4+, and therefore 0 « v < 2, Substituting into the equation

V'. = | 4 V)
N (vt} )xt
V'/,t = T ug.] + Vllt
ZL =yl (Y'l—l + VJL)
dt V'lyat_] - 0
f ion (0,1) =l r
T 2 ¢ - e X
ron equation (0, TRt
{herefore 7, Tjﬁl aja

If we express the model in terms of a's entering the svstem after the time

origin k we obtain

in which the constant, L, 1s the value of the system at the origin tine k.
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by setting k = 1), the medel's equation can be written using the following

wotation:!

t=1]
z, =L+t vy, %0,
t Vi T 7
Thus the {Lrst observation recorded would he 2y = It Ty aund ton tlu-llj
obhservations prior to the incroduction of a Treatment ¥
L1
z,o= L+ y Lia, *a 1
t Y119 t (D
for the t, observations following T
L4+ 7%, +a (2)
z, = : SR A
t fi1™ t
where:
z, s the value of the variahle observed at tiwe t,
L is 1 fixed but unknown Jocation parauecter,
Y is a pararmeter descriptive of the dapree of interdependence
of the observations in the tirme-series and takes valnes
N <y « ?_’ ‘
ity is o random novmac deviate vith wmean 0 and varianes of ¢-,
& ig the change in level of the tine-serics caused by T.

Data vhich conform to the model in (1) and (2) ave such st the praph
of the time-scrfes follows an eratic, somewhat vandom path with slight,
but no systematic Jdrifts, trends, or ecveles, Nata vhich show a systematic
Increase or decrerase over Uime~-such as population and various prouth
curves--violote the assumption of zero mean for Uhe random variabie {oe For
penerality, the random voriable nortion of the model can be alloved to
asaume an expeated value other than zerv; thus “drifting” tine-serles-=those
showing a constant visc or fall over time-=can be aceonmodated,  The pencval{-

zation of the model 4n (1) and (2) is called the "Inteprated moving averaen

model with deterministic drift"? and takzs the following forn:

O
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t--1
z, = L cyoond z2oo= LAy o0 o 1)
z o Tl Ty v
i=1
for the ql chservat.ons prior Lo the introduction of T, il
t-1
7, + oLy .Y ﬂj—l 1 HL’ (4)
i=1

for the N, = - n, observations folloviag T,
vhere L, v and § are interpreted as in the model fn (1) and 7)), but now
i s a normal variable with variance o7 and mean cqual 1o on,

The parameter i describes the rate of ascent or des~ent of the time-
scries,

Tt s flluminating to express 2 as y + « and mantipulate (1) into a

form similar to (1):

e = Lt ouy(t=) + u4+yv 7 a ST (7)

One sees by inspection of (5) that the time-scries in (3) will hoe
expected to have "drifted" pyt units at time t,

This model can again be medifled se that a parameter descviptive of
a change in y, the drift of the series, {s Incorporated, Tt is then wossible
to estimate all of the parameters in the model For a eilven value of vy and
to test hypotheses about ecach,

Let z, denote the observation of a serfes at time t, prior Lo the
introduction of 2 treatmeut 13

t-1

z v L+typn(t-D+pt+ty o a +n
t i=t

. (1)

where the interpretation of tlie elements of the model ave {dentical to their
futerpretation given carlier i{n this paper, The folloving mode! is descriptive
of the behavior of the series for the n, ohservations [ollowing the introduction

of T:
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t-1

- D+ a4y Voa, + N + & (4

2z = T4 ypu (t - 1y + p+ys (t-n i
=1

‘ 1

“hiere ¢ s the chanpe of level of the series between time ny and n, + 1,

1

and A is the change in the drift of the series hetween thesc two times.
Prior to T, the series drifts {on the average) at a rate of vy units (un
or dowa depeudfug on the sign of 1)  for each unit of time; after T, the
series drifts y(iy + A) units on the averaze for each unit of tine.
Interest in this model genevally centers on obtaining estimates of

the parameters § und A, In order to do thils, a collection of n, + n

i 2

observations are made; these values of z, are then trans{ormed for a given

value of v as fnllows:

Y1 ° 7% )
-1 -

= - - \ - o - .
Yy e yi;l(l v) Zoq for t RN + ny.

)

il

by expanding this equation in terms of L, &, u, and A it can be seen that
the structure of a typical Y, is

vos e bA e (L Nl (- oty N

1he model, now in the form v _, may be written as Y = NJ + a vhere X is

t'
defined as a W z 4 matrix of weighes, f is a 4 x | vector containing elements
Wy Ay Ly and dyand « fs a N x I vector of random deviates., The equation in

vector notation is as follows,
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Y = X8 + a
; 1« 1 0 ' '
: Vl ' ) ‘ u .y]
', Lo (1 Y) 0 ' A ity
. . . . i
|
‘ n,-2
ynl"I 1 0 (1 -+y)'1d 0 .
v Lo (-pttthog .
n
1
n
- 1
Y\\IH rol (i Y) 1 :
. E . . . . .
! \ _ n1+112~2 a2
ynl-m.,—l T (1 -y) (t - ) .
. ? il | ( - Y)n1+n2--1 Q- Y)np--l N
'n]+n2 i . n1+n2

Uith the uwodel now in tuis form, when vy is known, simple least-squarces
estimates of p, &, L, and &, can be determined from the famillar solution

to the least-squares normal equations:
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The "residual variance in fitting the model in (3} and (4) to the
observations z, is piven by
s = {(y -x) ! (y - X1 !/ (n1 + o, - A), ("

the following distributional statements about the esticates of the

paraneters follow from the assumption of normality of o and traditional

t

sanpling theory:

o n

——— =~ L ’
ety ity =t
el

T T Ln1+n2~/|

t
mtn=4 0 yhare

cld 15 the Jth diaponal element of (KTX)'l.

The aliove resulls follov fyom the linear mode) Y = Y6 4 in which

the ervors, o, are assuned to he aorml, homoscedastic, and independent,
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AlL of tiie above operations on the linear rmodel are made for a
alven value of v o then v iy unkoown (as will generally be true) a
Bayceqian analvsis nging sample Luformation about v is used in making
inferences abhout & and A, The posterior disrrihution,h(y‘z), of v piven
a seL of ¥ oobservations and assuming a uniform prior distribution is known
to vithin a censtant of proporvtionality, The posterlor uistribution of
yoassuming o ound forn prior (In which case the posterior distribution
{s equivalent to the ITkelihood distribution of v ) is given to within
a constant of proportionality by the following forrula:

1

ITC IR BT e S T I (n)

lllustrations of how the posterior dlstributicn of y in (3) is
congiderad jointlvy with 5 oand A in maliing, fuferences about ° and A
for the simple inteprating moving averapge model vith deterpinistic
drift {n (&) appear in box and Tiao (1965) and 'laguire and Glass (1967).

T _Problen

Ueilizing rhe model ¥ = 8 4+ =, vhen the value of v {s lnown,
least syuares estieates of p, L, A, and i, nay he deternined, These
estinates dopend on the correctness of the assunptfons of normality,
novoscedasticivy, and fndependence of the randon normal variables
e robustness (abhility ta stand under violations of Lhese assumplions)
of the nodel Lias beea estonsively studicd hy persons interested in the
analvsis of varlance model,  Powever, the IMA nodel's use of ¢ oand its
vothod of obtatning observations across equally spaced time intervals
necessitates study of robuctness consideratiens not toached upon in

thosa studies,
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the independence assunption for the Box=Tiao method may be c¢hecked
throuph the use of autocorrelwtions, and in at least some cases stens way
be taken to overcome violatioas of it (Sox and Jdenkins 1970, pp 176-1777,
Study of vialatiens of the norwmality assumpiion, uhile nocr previecusly
studied for this specliflc method was passed over ia favor of variance
violations, uvhich at this time appear to have a preater probabiliey of
revealing non-robustness. T the context of tie seneral linear model,
the hnmogenicty of wviaviance assunption has heen studied with repard
to violations acress treatpent levels, it has not heea studied for
violations of homopenicety of variance uvithln cach treatment level, Since
In tine-sevices quasi-exporiments that type of violation can occur and
iy be a couse for eoncern, it Is being investigated hoeve,

Fipure 1 s a prapi of observations zp versus time of observation t.
The population variance of the proetreatmenl oy valucs has been iucreased
2

i
o equal increnents from o5 at t=1 to 103,° at t=25, The population

viarfonee of all the posttreatment oy, values was held constant at vnﬁ.
The ¢ value used {n obtaining the data for Fipure 1 was y=,5,

Lffeatively this neans that half of the neynitude of each observation

was stored ia the syster and affected the wacuitude af followia:

ohservations,  In zeneral thils me-.ns that i values coning fror a

population with a lavger vartance 111 have a preater chance of havinp Yotb

a larger Inttial fopact and cousequently a larser carryover cffect on

follewing observatlons than wonld « values condne U'ror o pepulation

with small variance, Conscequently one wvould expecet the slope and level
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of a series of ohsorvations to be wmore readily nfféctod Ly randaom
deviations which come from a population havinng a larze variance. This
would he particularly true if the member of obsevviations talen vas small
aud the value of vy larpe. In Figure | the treatment effect ~ and
iowere zera, vt to the eye it appears that there may be both a change
in level o and a change 1in slope £ of the praph, This study investipaterd
the effect of severnl situations slmilar to the one nated in Figvere !,
Procedure

The Cour parameters, baseliue 1., the slope i, and the Lreatwent
effects, change wn level § and change in slope A, wore set at I = 0,
=2, V=0, and 4 = 0, the v, values tere drawn from a pool of rawdon

2

Wormal numbers, with mean zero and variance o,

, then multiplied hy a
value /Ei in order ta obtain « values wlth heterogencous variances.
The method then wvsad vas as follows:

1. Given the true nall hvpothases 4 = O, A = 0, and ;4 = 2, from
the t-tables the ) - u percentile pnint in the t-distribution
vith L=4 df wvas determined,

Y, By owpirical means the actual porcent of t-ralios exceeding
1-rtyog wos found for each vhen the null hypotheses vere true
and the vartanves heterogeneous and the population normal and
observations iundependent.,

3. Yor cach oull hypothests (e noubial sisniflcance level, o, and
the actual gipnificance level wvire then compared,

A pyeuda-random number generator FHRI (Srowning 1947) was used teo
generate a nornally disteibuted population pral of 30060 nnmSnrs with
mean G.09000 and varlauce 002 = 25,103, The normality assurmntion of
this distributfon was tested by the Rolmogorov-Smirnoffl test and
could not be rejected at the .20 level of sipoificance, Since § = 0

and & = 0, the 25 pretreatnent observations (zy,29, +++,55) and the

12
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twenty-five posttreanlnent observations (226,227,---,250) necessar:
for each t-ratio were determined from the sawme formila
_1+."‘1(,+,)+ + Where
Zt = B ! =1 'Y .!I i Li . nere

Z¢ = the observed value of the process at time t.
L =0

yo= 2

To obtain each ap a number was drawn randomly with replacement from
the pool and then wultiplicd by a4 value KE}, &0 vhtadn an g value
which vas o random pormal Jdeviate from a population with a mean zero
and variance clunQ. t-ratios were determined for y = A1, and this
procass was repeated until (000 sets of r-ratfos were formed for ¢ = /i1,

e

(In order to cumpute the t-ratios, parts of the "fomouter ‘ronram for

4y
Analysis of time Series lxperinent with Possible Chanpe in Nrift" by
G, vV Glasy and 1, 2, Maguire was used,) This entire process was repeated
for y's of .30, 1,0, and 1,5, As was pointed out earlier in the paper, y
is not normilly knoun, but its value is estiwated from the wostarior
probability distribution h(y;2), vhere 0 < y < 2, ‘the v vilues .01, .05,
1.0, 1.5, uscd heve are distributed over the ranpe generally covered
in practice by this poscerior distribution,

As can e seen from Table I nine types of varfance violation and
one situation in which the hoenonsencous variances assumntion was not
vialated were studled. When the variance level chanyed {1t facrensed ov
deeraased gradually aver the length of the pretveatinent or posttreatmeut
ohservations. It is not expected that varfance changes would necessarilv
ovcor In this smeoth mauner, but the sltunt{on anprosimatos roal
Sttuation: clogely cenouph to male Tts use feasible o this stade,

Q
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Lesults

The results for 2, chanpe in Jevel, are recovded in Table 11, and
the results yor &, clhiange in slope, are recorded jn Table 111,  ‘ilie v
Jevel, and the nominal sienificance lLevel, «, are at the head of cach
column and the actual significance levels are vecorded within these
colutns for ecach of the 10 separate runs, Tlgure 2 is a set of 3 graphs
eade from the data i Tehle 1F,  Facii graph is (or a set nominal
slinificance level o, and shous the actual significance level of ench run
versus the v wvalues,

fun 0 in vhich the assucption of honmoseneity of wariance was met was
done as a chock to insure that the computing svstem was functioniug,
properly. As can he seen from Tables I( and IT11, the differences
hetween the nowinal levels of sisnificance and the actual levels of
significance Jdiffer no more than vhat weuld be expecto:d for a sanple
nf size 1000,

Change in level 2: To facilitate Interpretation of the slata

recorded in Table 11, the data have been graphed In Fipure 2, and the
data are discussed as three separate proups &, S, and . lach aroup
has a common variance trend forv a; and the actual sienificance levels
vithin cacl group maintain the same peneral trend. CGroup A consists of
runs wmunbered 1,2, and 3, Group B consists of runs nurbered 4, 5, and 6,
and Group C consists of runs numbered 7, £, and 9, General trands
for each of the gronps A, b, and ¢, are {ncluded helov,

Group A had the variance trend for y vatues
T, J‘: be 2 (i = Uhe ran nupber)

Where "j differs for each run |,
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(a) As 7 increased, the actual sigaificance level decreased helow .

(L) As ¢, increased In mupnitude, the actual significance level
decrdased helow .

(¢} The actusl sipnificance level was generallv less than the
nominal sipnificance level.

froup L hasd the variance trend for ; values
0" 7 eng" Ty egn t o e {(j = the run number)
where ¢y differed for each run i,

(a) The actual level of significance was in all cases larger
than the nominal significance level (note especially for ¢ = .5
and larger)

(b) The peak values of the actual signifirance level ajpear to occur
for values near v = .3,

(¢} The actual Jevel of sipnificance increased as the mapnitude of ¢
increasad,

Croup € had thie variance treud for oy values
2

! ) 2 I . 2
Yo f (‘jﬂﬂ » Ty ‘j‘ju ra

(j = the run number)
where cy differed for each run j,

The general trend of the actual sipgnificance levels for proup C
followed the same pattern as for group B, and in penoral were more extreme
in their deviations from the nomdnal .,

one aspect connon to all runs was the robustness of the model
when y = .01, That this was to be cxpected can be seen from the following,
Jien y o= 0, the TMA equation can he siuplified to

zg = LA+ A4
uhich is the analysis of variance oodel. [t has previously heen shasm
by cmperical means that the analysis of variance model fa fnhnst to

violations of its lhomogeneity of varfance assumption when the treatment

sroups are of equal stze. Thiis stwdy approximted the malynis of

ERIC
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variance model for the situations in which v = .01 {y = .01 is a cloge
approximation of y = 0), Since in all cases treated here, pretreatment
ooservations,ny = 25, equaled ny = 25, the nuuber of gwttreatment
abservations, it was expected that in the circunstances whoere v = .01

the nominal and actual significance levels would closely compare.

npe in slope At s can be secn from Table TII the medel is

retarkandly robust for all homogeaeity of variance violations studind,

sone of the actual levels of significance obtained can be teraed

sipnificantly different from the nominal level of sipnificance,
Conclusions

The trends visible from the results lead to the conclusion thar Lf
possible heteropeneity of evror variance is suspected then conservative
nominal sirnificance levels should he set if the TYA rodel is to he
used in determining the effect of o treatment., This is iucreasingly
Important [f the variability of the ohservations appears to be chanping
acress tine,

If Interest centers on wiether or not a treatment % has had an effect
on the slepe, nominal siygnificance levels can be chosen without repard
to the possinle coanping varfahility of the ohservations across tine,
As Table 111 shows, the rodel s vary rebust In this respect, at least

vith regard to all vielatlous tested heve,

ERIC

2!



O

ERIC

Aruitoxt provided by Eic:

21

ror TTOTES

For a complete development of tlhie IMA model see Box and Jenkins
(1970, chapter «),

The "integrataed moving average model with deterministic drift' was
presented by G.E.P. Bex and C.M. Jenkins of pp. 33-34 of "Models for
Peediction and Control, 1iI. Linear Non-stationary Models," Technical
Report Mo, 79. ladison: pept. of Statistics, University of discoasin,
Jusy, 1966, Also see Box and Jenkins (1970).
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